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Material Models for Nonlinear Deformation of Graphite

Robert M. Jones* and Dudley A. R. Nelson Jr.t
SMU Institute of Technology, Dallas, Tex.

ATIJ-S graphite is a transversely isotropic granular composite material with different nonlinear stress-strain
behavior under tension loading than under compression loading. A model for nonlinear deformation behavior is
extended from initial loading under biaxial tension stresses to initial loading under mixed tension and com-
pression stresses. The principal basis of the model is that the material properties are expressed as a function of
the strain energy of an equivalent elastic material. Thus, interaction between the various components of a
multiaxial stress state is accounted for. Different moduli in tension and compression are excited and are included
in the analysis. Both the Jones weighted compliance matrix (WCM) material model and the Isabekian and
Khachatryan restricted compliance matrix (RCM) material model are extended to nonlinear deformation.

Nomenclature

A;,B;,C;, U,,I, =constants in ith material property equation
[Eq. (19)]

E.,E_FE, =Young’s meduli in principal material direc-
tions

E# =Young’s modulus at 45° to r and z direc-
tions

G.. = shear modulus in rz plane

n =constant in energy weighting function [Eq.
(22)]

rz0 =radial, axial, and circumferential directions
[Fig. 1]

U =strain energy function [Eq. (20)]

Yrs =shear strain in rz plane

€, €, € =strains in principal material directions

VrosVrgsV o =Poisson’s ratios for principal material
directions

g,, 0_, 04, T,-  =axisymmetric stresses in principal material
coordinates

Subscripts

c = compression

t = tension

w =weighted

Superscripts

mn = principal material coordinates

pq = principal stress coordinates

Introduction

RTIFICIAL graphites are transversely isotro-

pic granular composite materials made in billet form as
in Fig. 1. Deformation characteristics of primary importance
are nonlinear stress-strain curves, biaxial softening, and dif-
ferent stress-strain behavior under tension loading than under
compression loading. Biaxial softening is the development of
slightly larger strains in biaxial tension than in uniaxial ten-
sion, as shown in Fig. 2, in contradiction to what might be ex-
pected on the basis of conventional Poisson effects. ! In fact,
Poisson’s ratios for ATJ-S graphite decrease with increasing
tensile stress instead of increasing as for metals such as
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"~ aluminum. Graphites also behave quite differently under ten-

sile stress than under compressive stress as seen in the typical
stress-strain curves of Fig. 3. There, the initial slopes (elastic
moduli) of the curves are different leading to bilinear charac-
terization in the form of Fig. 4 as an approximation to the ac-
tual nonlinear behavior. Also, the Poisson’s ratios decrease in
tension, but are constant or increase in compression.

The objective of this paper is to present a theory for
simultaneously predicting biaxial softening behavior and dif-
ferent nonlinear behavior in tension and compression. This
research is an extension of the authors’ treatment of softening
under biaxial tension? and of off-axis uniaxial loading.’ Both
the Jones weighted compliance matrix material model* and
the Isabekian and Khachatryan restricted compliance matrix
material model® for materials with different moduli in ten-
sion and compression are extended to nonlinear deformation
of axisymmetric bodies under axisymmetric load. The new
material models are actually nonlinear stress-strain relations
in an iteration procedure consistent with the new deformation
theory of orthotropic plasticity described by Jones and
Nelson.? The new models are qualified by comparison of
predicted strains with strains measured by Jortner "% for
uniaxial off-axis loading and biaxial loading. He subjected
graphite rods and bars to uniaxial loading in nonprincipal
material directions and hollow tubular specimens to biaxial
loading (combinations of axial tension or compression and in-
ternal pressure).
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Fig. 1 Graphite billet coordinate system.
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Fig. 2 Biaxial tension behavior of graphite (» decreasing).
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Fig. 3 Uniaxial stress-strain behavior of graphite under tension and

compression.

The linear and nonlinear material models for different
stress-strain  behavior in tension and compression are
described first. Then, in a companion paper, ' the measured
and predicted strains under uniaxial off-axis loading and un-
der biaxial loading are correlated.

Elastic Models for Different Moduli in
Tension and Compression

Introduction

Two material models for elastic behavior of materials with
different moduli under tensile loading than under compressive
loading are described in this section. In both models, the com-
pliances S;; in the strain-stress relations for axisymmetric
bodies under axisymmetric loading

rs rz rg rz
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are determined based on the principal stress state. In principal
stress coordinates, the strain-stress relations are

& sw sw o smH o sy 5,
| _ sy s os® osmo || o (2)
& S| Si o SH Sy o
Yoa S Su o S S 0

Note that 1) the 8 direction is always a principal stress direc-
tion because of axisymmetric loading and 2) principal stress
directions and principal strain coordinates do not coincide for
orthotropic materials as they do for isotropi¢ materials. Prin-
cipal stress (p-g-0) coordinates and body (r-z-6) coordinates
are shown in Fig. 5 (the 6 direction is out of Fig. 5 toward the
reader). Stresses, strains, and material properties will be
transformed between these coordinate systems. Note that by
definition body coordinates coincide with principal material
coordinates for graphite.

The objective in both material models is to define a rational
procedure for assigning the S7¢ on the basis of the principal
stress state, the values of the S¥7 under tensile loading, and
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Fig. 4 Comparison of actual stress-strain behavior with the bilinear
modet .

Fig. 5 Relation of principal stress (p-
q-0) coordinates to body and principal
material (7-z-0) coordinates,

those values under compressive loading. The material proper-
ties depend on the stress state and vice versa; hence, the basic
problem is statically indeterminate. However, the in-
determinancy can be resolved by an apparently convergent
iteration procedure consisting of four steps. First,
displacements and stresses are calculated based on an initial
assumption of stress signs with an implied initial choice of
material properties. Second, the appropriate material proper-
ties are selected based on the principal stresses calculated in
the previous step. Third, displacements and stresses including
the new principal stresses are recalculated. Fourth, steps two
and three are repeated until convergence to the desired ac-
curacy is achieved.

The first model, called the weighted compliance matrix
(WCM) model, is due to Jones.* This model consists basically
of adding the tension and compression compliances in
proportion to the presence of the respective tensile and com-
pressive principal stresses; hence, the name weighted com-
pliance matrix model is used. No theoretical basis exists for
the weighted compliance matrix model; it is an engineering
approach, rather than a scientific approach, to a very difficult
problem.

The second model, called the restricted compliance matrix
(RCM) model, is due mainly to Isabekian and Khachatryan®
(modifications necessary to extend Isabekian and
Khachatryan’s model from a plane stress state to an axisym-
metric stress state are described herein). This model has a
more scientific basis than the weighted compliance matrix
model. Specifically, the compliance matrix is made symmetric
by prescribing certain relations between the tension and com-
pression properties so that they satisfy the known trans-
formations of anisotropic elasticity. However, by enforcing
these relations between tension and compression properties,

‘we limit our ability to treat real engineering materials.

Both models are attempts to treat materials with different
moduli in tension and compression as special anisotropic

~elastic materials with the compliance matrix symmetry

characteristics of ordinary elastic materials (for which a
potential function exists). This compliance matrix symmetry
is a correction to the basic Ambartsumyan model with a non-
symmetric compliance matrix.!! This correction is necessary
if anisotropic elasticity theory is to be used once the com-
pliances are determined. Both material models are described
and contrasted in the following sections.

Weighted Compliance Matrix Model

The following strain-stress relations in principal stress (p-g-
6) coordinates are extended for an axisymmetric body under
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axisymmetric load from plane stress relations proposed by
Jones* for orthotropic materials that exhibit different moduli
in tension and compression:

& St Sw SH Sn %
o | _| swosm oSy sy o (3)
& oS Sy Sy %
Vg Sy S5 Sy SH 0

Note again that the principal stress directions do not coincide
with the principal strain directions. The compliances §¥/ are
assigned according to the signs and magnitudes of the prin-
cipal stresses:

ifo,>0; S#=5y, (4a)
ifo,<0; SR =5%, (4b)
ifo,>0; S8 =5%, (40
ifa,<0; S89=S5%, (4d)
ifo,>0; S89=5%, (4e)
if o, <0; S8 =S4, (40)
ifo,>0ando,>0; S4=S5%, (4g)
ifo,<0and g, <0; S%=5%, (4h)
ifo,>0ando,<0; S =k,,, S5 + KgpyS7. (4i)
ifo,<0ando,>0; SH=k,,, S5 + Kypy ST, )
ifo,>0and g, >0; S =S4, (4k)
ifo,<0and oy <0; S89 =574, (&)
ifo,>0and o, <0; S =k,,4S4, + kypSH, (4m)
ifo,<O0and o, >0; S9 =k, S8, + koppSHY, (4n)
ifo,>0ando,>0; S59=5%, (40)
ifo,<0ando;<0; S5 =S%, (4p)
ifo,>0and o, <0; S5 =KkypS5h + koS5 (4q)
ifo,<0ando,>0; S8 =ky,S%. + koS54, (4r)
ifo,>0; Spy=5%, (4s)
ifo,<0; S5¢=5%. (49
ifo,>0; S8¢=S%, (4u)
ifo,<0; S5 =S8, 4v)
ifo,>0; S8¢=S84, (4w)
if g, <0; S84 =S%. (4x)
where
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The weighting factors k,,,, etc., are used to make the com-
pliance matrix symmetric. Some other function of the prin-
cipal stresses could be used to define the weighting factors.
Full qualification of the form of the weighting factors awaits
definitive experimental work. Note that only two of the three
principal stresses are used to determine each of the cross-
compliances %4, S, and S%{. Furthermore, a single prin-
cipal stress is used to determine each of the cross-compliances
S%4, S84, and S4¢. The compliance S§¢ cannot be rationally
defined nor is $%24 necessary for transformation to any other
coordinate system. The reason for the perhaps surprising lack
of importance of $2¢ is that it vanishes identically from all
transformation relations from principal stress coordinates fo
any other coordinates. ~

The compliances S?7 and S%?¢ in the principal stress
(p—q) coordinates are related to the orthotropic compliances
S/; and S[% in the principal material and body (r—z) coor-
dinates by the usual transformations of anisotropic
elasticity: 2

Sie =87 cos?’B + (287

+ S%,.) sin’B cos?B + S%,. sin’g (6a)
St =SB + (ST + S

— 28%,. —S%,.)sin’g cos’B (6b)
579, =87%,.cos?8 + SF,.sin’B (6¢)
St = (S —28F + 257 )cos’B sinf

= (S —25%. + 25%,)sin’B cosB (6d)
559 =Sy sin’B + (28%,

+ §%,.) sin?B cos’B + S%H,.cos?B (6¢)
S8 =SFsin’B + SFccos2B ()
S86c = (SGie—28Fe + 287, )sin’B cosB (6g)

= (8% —28%, + 28%,.)sing cos’B (6h)
S59e =S5 (61)
S8 =2(S%c — ST )sing cosp G)

where the subscript ¢ or ¢ is taken as appropriate, and 8 is the
angle between the body (r-z-0) and principal material coor-
dinates and the principal stress (p-g-6) coordinates as defined
in Fig. 5. .

‘The compliances in principal material coordinates S7, are
related to the engineering constants (direct moduli, Poisson’s
ratios, and shear moduli) by:

kppg=lo 1/ (lo,l + Mo, 1) kyp,=lo 1/ (la,1 + lo,1)(52)
kppo=lo,1/(lo,| + log})  kgpe=logl/ (1o, + lagl) (Sb)

kq({g: qu‘/( laql + |09|) k(jq(jz l(fgl/( |0ql + lO'gl) (SC)

STt =1/E,, (7a)
Shye ==Vl Ere=—v /E . v
Bie = = Viore/ Epe = = vore/ Epyc (79

S =1/E., d)
S5 ==V e/ E o= =g/ Egpe (7e)
ST =1/Ey, ‘ (7£)
Sore =1/ G e (72)
where v,., = —e¢_./¢, for o, =0, and all other stresses are zero.

Apparently, seven independent material properties exist in
tension in Eqgs. (7) and the same number in compression.
However, the compliances S§; and S (1/G,, and 1/G,,,
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respectively) cannot be measured in a shear test on an or-
thotropic material with different moduli in tension and com-
pression since one principal stress is tension and the other is
compression. Instead, in accordance with a suggestion by
Tsai, !> the tension modulus at 45° to the principal material
axes E,* is measured and S, is obtained from

G =1/Gy=4/EP — (I/E,+ I/E,,— 20, /E,;) (8)

A similar relation is used to define S, in terms of E%.

For axisymmetrically loaded axisymmetric transversely
isotropic bodies, E,,.=Ey,. and »,,.=py,.. Thus, a possible
set of independent material properties are

45
Er;c’ Vezies Vrties Ezies B¢ )]

i.e., five properties in tension and five in compression for a
total of ten independent properties.

Restricted Compliance Matrix Model

Isabekian and Khachatryan® define a symmetric com-
pliance matrix for orthotropic materials with different moduli
in tension and compression. They require the material proper-
ties in principal material directions to have interrelationships
such that the compliances are symmetric in any coordinate
system. These relationships are obtained in addition to the
usual Ambartsumyan approach of superposing stress states of
uniaxial tension in one direction and uniaxial compression in
the other direction.

For example, if ¢,>0 and ¢,<0, then the strain-stress
relations are

e, =S89, 0,+5S%, o, (10a)
e, =8%, o,+58%, " (10b)
Yoq =S 0, + 8% o, (10¢)

For these relations to be symmetric,
544, =S4, (1)

If the compliance matrix is to be symmetric in principal
material (r-z) directions, then

Vr://Erl =v/E,= v/ Ey = Vore/ By (12)

If, moreover, Eq. (11) is to be valid in all coordinate systems,
then

1/E,—1/E,.=1/E,—1/E,.,=1/E* —1/E® (13)

in which E/* and E# are the tension and compression
moduli, respectively, at 45° to the principal material direc-
tions. Note that E¥ and £, are related to the shear moduli in
all tension or all compression stress states by Eq. (8) and its
compression equivalent. Accordingly, the five independent
material properties are

E., E. v Efj Y o (14)

or

EE v, EF,E, (15)

or other appropriate combinations of the foregoing relations.

For axisymmetric bodies under axisymmetric loads, the
foregoing properties for the plane stress case must be sup-
plemented by additional material properties. Because of the
two kinds of axial symmetry, no additional shear modulus -
related properties are necessary. However, the direct moduli
E,,. must be defined in addition to the Poisson’s ratios »,g,.
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and »,,.. The § direction is automatically a principal stress
direction. Thus, S;; in any coordinate system is affected only
by Ey,. and no other moduli because of the simplicity of the
transformation relation. The cross-compliances S,; and S,;
are symmetric under mixed tensile and compressive loading in
principal material coordinates if

v/ E=v5./E,, v /E, =vy /E.. (16)
However, E,,, E,., E_, and E_. are either independent proper-
ties or dependent and determined from Eq. (13). Thus, only
two Poisson’s ratios are independent, say v, and v,,. All
transformations of stresses to obtain principal stresses are
rotations abouf the 6 direction. Hence, no conditions are im-
posed on E,, and Ey.. That is, no relation like Eq. (13) exists
between Ey, and E,.. Accordingly, nine independent material
properties are required for analyses of axisymmetrically
loaded axisymmetric solids made of orthotropic
multimodulus materials. Five of these properties come from
the plane stress model and four are from the extension to
axisymmetric solids. For transversely isotropic materials like
ATIJ-S graphite with the plane of isotropy in the r-f.plane,
Ey=FE,, and v, =vy, etc. With these reductions, the six in-
dependent material properties are

E,,, E:l: Vrzes Yrors E?‘SJ Erc (17)

or appropriate equivalents through the foregoing relations.

The shear modulus for pure shear in coordinates 45° from
the principal material coordinates can be shown to be in-
dependent of the sign of the shear stress for the restricted
compliance matrix model. Consider, for example, the ele-
ments from a unidirectionally reinforced composite material
shown in Fig. 6. There, the positive shear stress leads to tensile
principal stress in the fiber direction and compressive prin-
cipal stress in the direction transverse to the fibers. Similarly,
the negative shear stress leads to compressive-stress in the
fiber direction and tensile stress in the transverse direction.
Because the tension and compression moduli are different in
the fiber and transverse directions, the shear moduli at 45°
would seem intuitively to be different. However, because of
the relation between tension and compression moduli in Eq.
(13), the expressions for the shear modulus at 45° under
positive shear stress can be shown to be identical to the ex-
pression for the shear modulus at 45° under negative shear
stress.

Summary

Irrespective of the material model used, the strain-stress
relations in principal stress coordinates must be transformed
to the body (r-z-6) coordinates for solution of equilibrium

POSITIVE SHEAR STRESS NEGATIVE SHEAR STRESS

NS NS
4 7
NS NS
SN SN

Fig. 6 Positive and negative shear stress at 45° to principal material
directions.
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problems. Those transformations take place according to the
usual transformation relations of anisotropic elasticity (S22 is
omitted since it does not affect any strains):

S =877cos*B + 2579sin?Bcos?B+ S4¥sin?B
— (857 cos?B+ S8¢sin?B)sin2B (182)

=57 + (S¥1 + 5%
—2579)sin?Bcos?f— é (859 — S%9)sin2B cos28  (18b)

St = —[S89 sin’B~SHfcos?B + SH3cos2B]sin2B

+8P9cos?B(cos?B—3 sin’B) + S5¢sin’B(3 cos’B—sin?B)
) (18¢)

2 =8P9sin’B + 2S8%3sin’Bcos?B + SBYcos?B
+ (S%9sin’B + S57cos’B)sin2B (18d)

%= — [S8cos’B—SHYsin? B — 2574 cos2B]sin2B

+829sin?B(3cos? B —sin?B) + S5¢cos’B(cos?B—3 sin’B)
(18e¢)

%=4(S? + S8 —2S5%)sin’Bcos?’B
—2(S5¢ —S%%)sin 283 cos2pB (18f)

Moreover, stresses and displacements from both models for
two distinct problems cannot be superimposed as can
solutions for linear elastic problems. Superposition is invalid
because the principal stress directions for two sets of stresses
on the same body are generally different. However, if the
principal stress directions are identical in both solutions, then
the solutions can be superimposed. Ambartsumyan!! calls
this general invalidity of superposition a form of nonlinearity.
In practical terms, each problem must be separately solved,
and solutions cannot be built up by superposition of simple
solutions.

The two material models described in this section have dif-
ferent numbers of independent material properties. The
restricted compliance matrix model has six independent
properties for an axisymmetrically loaded axisymmetric trans-
versely isotropic body. For the same body, the weighted com-
pliance matrix model has ten independent properties. Both
models have advantages and disadvantages. The restricted
compliance matrix model is derivable on a rational scientific
basis; however, the compliance restrictions, as will be seen in
the off-axis uniaxial loading correlation studies of the com-
panion paper, are too stringent for many real materials. On
the other hand, the weighted compliance matrix model is not
derivable because the weighting factors are somewhat ar-
bitrary; however, this model has the flexibility in ‘‘ac-
ceptable” ‘compliances to be applicable to many real
materials. Thus, the weighted compliance matrix model is an
engineering approximation whereas the restricted compliance
matrix model is a more scientific description of the basic
phenomenon, but is restricted to a more limited class of
materials.

Nonlinear Deformation Models for Different Moduli
in Tension and Compression
Introduction

The objective of this section is to simultaneously model the
nonlinear tension and compression stress-strain behavior of
graphite shown in Fig. 3. The tension behavior is typical of a
material that softens under increasing stress. That, is, among
other characteristics, the Poisson’s ratios decrease as the
stress increases leading in part to the softening behavior
illustrated in Fig. 2. On the other hand, the compression
behavior is moze nearly characteristic of a hardening
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Fig. 7 Strain profiles under increasing stress levels for a material that
softens under tension and hardens under compression.

material. That is, the Poisson’s ratios are constant or increase
as the stress increases. Thus, we might expect the hardening
behavior in Fig. 2. Accordingly, strain profiles for various in-
creasing stress levels might exist as schematically shown in
Fig. 7 with biaxial tension in the upper right-hand quadrant
and biaxial compression in the lower left-hand quadrant.
However, no biaxial compression data exist to verify this
speculation.

The contrasting tension and compression behavior
illustrated in Fig. 7 may be perfectly realistic when the defor-
mation mechanisms in tension are compared with the
mechanisms in compression. Specifically, microcracking in
tension may lead to an apparent increase in volume
(decreasing Poisson’s ratios). However, in compression,
microcracking - may not occur. The microcracking
phenomenon may be related to the porous nature of graphite.
The pores tend to open and perhaps tear under tensile stress.
On the other hand, the pores tend to close and perhaps collap-
se under compression. Thus, graphite and other porous non-
metallic materials can have plastic volume changes when sub-
jected to tensile or compressive stresses. Under compression,
porous materials can compact (decrease in volume) whereas,
under tension, they can dilate (increase in volume). Thus,
classical plasticity theories with the usual zero plastic volume
change hypothesis are not applicable to porous materials.

The nonlinear material model described by Jones and
Nelson?? is combined in this section with the linear
multimodulus material models due to Jones* and to Isabekian
and Khachatryan?® to obtain nonlinear multimodulus material

" models. Thus, both the nonlinear and multimodulus defor-

mation behavior of an orthotropic material can be modeled
simultaneously, a necessity for describing ATJ-S graphite
behavior.

The basic approach to analysis of nonlinear stress-strain
behavior is a new deformation theory of orthotropic plasticity
due to Jones and Nelson.? The various secant moduli and
Poisson’s ratios in the orthotropic stress-strain relations are
approximated by

Material Property, = A, [1—B; (U/ Uy, ) <] (19)

where the A; are the elastic values of the material property,
the B; and C; are related to the initial curvature and rate of
change of curvature, respectively, of the stress-strain curve?
(slightly different interpretations exist when the material
property is a Poisson’s ratio), and U is the strain energy den-
sity of an equivalent elastic system at each stage of nonlinear
deformation:

U= (0,6, +0.¢. 0569 +7,27,:)/2 (20)

The strain energy density U is normalized by U,, in Eq. (19)
so that B; and C; are dimensionless.

The nonlinear stress-strain model is actually much more
complicated than represented by Eq. (19). When mixed tensile
and compressive stresses are considered, the strain energy
used in Eq. (19) could be a weighted combination of the strain
energy of compression and that of tension. Moreover, all
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coefficients have different values in tension than in com-
pression. The choice of which properties, tension or com-
pression, should be used is made in the Ambartsumyan super-
position manner!! after rotating the stress-strain relations to
principal stress directions.

Two nonlinear multimodulus models with the same basic
approach to nonlinear behavior are considered. Thus, the
distinction between the models is based solely on the
- multimodulus formulations or, more specifically, on the
determination of the compliance matrix. The linear
_multimodulus approach developed by Jones* is combined
with the nonlinear approach due to Jones and Nelson? to ob-
tain the ‘‘nonlinear weighted compliance matrix’’ (WCM)
model. Isabekian and Khachatryan’s extension’ of Am-
bartsumyan’s linear multimodulus approach'! is combined
with the nonlinear approach to obtain the ‘‘nonlinear restric-
ted compliance matrix’’ (RCM) model. Nelson ' discusses the
nonlinear multimodulus models in more detail. The general
characteristics of the iteration procedure common to both
nonlinear multimodulus material models are discussed first.
Then, the energy functions used to relate the multiaxial stress
state to the material properties are described. Next, the dis-
tinctive characteristics of the nonlinear restricted compliance
material model and the nonlinear weighted compliance model
are discussed.

Iteration Procedure for Material Models

The overall iteration procedure common to both nonlinear
multimodulus material models will be described. Basically, an
indeterminate system of equations is solved with an iterative
approach. The stresses and strains depend on the material
‘properties which, in turn, depend on the stresses and strains.
In the nonlinear approach due to Jones and Nelson,? the
material properties are related to the strain energy density,
which is the product of the stresses and the respective strains.
In linear multimodulus models, the composition of the com-
pliance matrix, hence the material properties, is determined
from the signs and proportions of the principal stresses. In
nonlinear multimodulus material models, the selection of
material .properties and, consequently, the stress-strain
relationships is based on both the proportions of the principal
stresses and the magnitude of an energy function.

The iteration procedure devised to simultaneously satisfy
the constraints of both the nonlinear and multimodulus
problems is illustrated schematically in Fig. 8. Each step in the
procedure is described in the following paragraphs for a single
element of a finite element approach to stfess analysis.

The first step in the iteration procedure is to determine the
material property versus strain energy relationships in-
dependently in tension and in compression from available
uniaxial data. Thus, sets of constants A, B, C, and U, are
determined for each independent material property. Separate
sets of constants are determined for the tension and com-
pression representation of a material property variation with
strain energy if both sets are input to the procedure as in-
dependent material properties. The number of independent
properties required for an analysis is dependent on the sym-
metry of the body and loading, the material model used, and
the degree of anisotropy of the material.

The iteration procedures is started with the linear- or
“elastic’> components of the tension materials properties. The
desited stresses and strains (including the principal stresses
and strains) are computed. Next, the principal stresses and
their orientation are required for the multimodulus for-
mulations. The strain energies are then calculated from the
stresses and strains by use of one of three strain energy ap-
proaches discussed in the next section.

New independent material properties are determined after
the strain energy is evaluated. This revised set of material
properties is used to formulate new all-tension and all-
compression compliance matrices. How these matrices are
found is determined by which multimodulus approach is used.
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IEXPRESS MATERIAL PROPERTIES IN TERMS OF TOTAL ENERGY U FROM UNIAXIAL DA[EJ

FORM COMPLIANCE MATRIX IN PMD WITH
INITIAL LINEAR TENSION VALUES OF MATERIAL PROPERTIES

[EALCULATE STRESSES, STRAINS, AND STRAIN ENERGYI

[CALCULATE NEW MATERIAL ‘PROPERTIES jathom——r———

[EORM ALL-TENSION AND ALL-COMPRESSION COMPLIANCE MATRICES IN PMEJ
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Fig. 8 [lteration procedure for nonlinear multimodulus materials.

Fewer material properties are required in the RCM model
than in the WCM model for the same material because
relationships exist in the RCM model between the all-tension
and the all-compression compliances. The compliance
matrices for the tensile and compressive stress states are then
transformed to principal stress directions. Next, the com-
position of the multimodulus compliance matrix is deter-
mined by use of the signs of the principal stresses. The
multimodulus compliance matrix is obtained from the trans-
formed tension and compression compliance matrices by
either the weighted compliance or restricted compliance
matrix approach. After definition of a multimodulus com-
pliance matrix, the stresses, strains, and strain energies are
reevaluated. The loop from the calculation of new material
properties to the computation of stresses, strains, and strain
energies is repeated until the convergence criterion is satisfied.

A convergence criterion based on the relative change in
total strain energy is compatible with both a nonlinear and a
multimodulus material model and, therefore, is used in
nonlinear multimodulus material models. Whenever the ab-
solute value of the relative change in total strain energy, |REL
AU, between two iterations i— 1 and {

|IREL AUl = (U, ~U;_,}/U,_, | @1

becomes sufficiently small, then the iteration procedure is ter-
minated and convergence is defined for a single element.

Convergence " of the nonlinear multimodulus material
models in finite element computer programs is defined to oc-
cur when the convergence criterion is simultaneously satisfied
in each element. A finite element problem with a large number
of elements can require a substantial amount of computer
time for each iteration. Thus, the nonlinear multimodulus
procedures are specifically devised to obtain rapid con-
vergence by considering both the nonlinear and multimodulus
characters of the problem on the same iteration.

Strain Energy Functions

Three different energy functions-—total strain energy,
divided strain energy, and weighted strain energy are in-
vestigated for the nonlinear multimodulus material models.
Each of these functions will be discussed briefly. The strain
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energies used in the material models are actually strain energy
densities. Although the word density is usually omitted, the
strain energies are always understood to be on a unit volume
basis.

The total strain energy defined in Eq. (20) can be used to

" determine all material properties in each iteration as is done in
the nonlinear model of Jones and Nelson.? Thus, application
of the total energy function is the same for both the nonlinear
material model and the nonlinear multimodulus material
models. : -

In the divided energy approach, the total strain energy is
separated into two components: 1) the contribution from the
tensile principal stresses and 2) the contribution from the
compressive principal stresses. These two components are not
invariant under rotation of coordinates and are defined only
in principal stress coordinates. However, their sum, the total
strain energy, is invariant with respect to coordinate trans-
formations. In the divided energy approach, the tension com-
ponent of strain energy is used to determine the tension
material properties, and the compression component of strain
energy is used to determine the compression material proper-
ties. This division of energy is a mechanism used to investigate
dependence of the relationship between strain energy and
material properties on the signs of the multiaxial principal
stresses.

In the weighted energy approach, the effective energy level
in terms of the tension and compression components of the
total strain energy density is

(B u ()o@

where n=a positive integer constant, U= total strain energy,
U. =strain energy of compressive stresses, U, = strain energy
of tensile stresses, and U, =weighted energy. This energy

level U,, is used to find both the tension and the compression .

material properties. Thus, this approach is more desirable
than the divided energy method from the standpoint that a
consistent energy level is used to determine the current values
of all material properties. When n=1 in Eq. (22), the

“weighted energy density varies between the average and the
sum of U, and U, as a function of the ratio U./U. This
variation is shown in Fig. 9 along with the variation for n=2.
When n =1, the variation is symmetrical about U./U=.5. On
the other hand, for n=2, the weighted energy density is larger
when (U,:U,)=(1:9) than when (U,:U,)=(9:1). When the
weighted energy is used in comparisons between predicted and
measured strains, '© # is always unity. Other values of » have
not be investigated.

Nonlinear Weighted Compliance Matrix Model

Three "aspects of the nonlinear weighted compliance
material model (WCMj are discussed: 1) the distinctive
features of the iteration approach, 2) the restrictions imposed
on the stress-strain behavior that can be treated with the
model, and 3) the computerized application of the material
model.

Two steps in the general nonlinear multimodulus
procedure outlined in Fig. 8 depend on which multimodulus
procedure is used. The first step is to evaluate the all-tension
and all-compression compliance matrices. The elements of
these matrices are determined from the material properties by
the same expressions in both the linear and nonlinear
multimodulus approaches. The material properties are con-
stant in the linear approach, but are functions of the strain
energy in the nonlinear approach. The second step which
depends on the multimodulus procedure is the computation of
the multimodulus compliance matrix. This step is identical in
both the linear and the nonlinear weighted compliance
material models.

When the linear multimodulus approach is combined with
the nonlinear approach, restrictions are placed on the defor-
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Fig. 9 Variation of weighted strain energy.

mation behavior of the material that can be treated. As with
the nonlinear material model,? the reciprocal relations be-
tween material properties are assumed to be valid when all
material properties are evaluated at the same energy level.
Reciprocal relations exist for both tension and compression
properties in the multimodulus problem. Symmetry of the
multimodulus compliance matrix in each iteration is ensured
in the nonlinear WCM model by weighting factors used in the
development of the multimodulus compliance matrix, not by
relationships between tension and compression material
properties as will be done in the RCM model. Thus, with the
nonlinear weighted compliance material model, fewer restric-
tions are placed on the stress-strain behavior that can be
treated. However, in the application of the nonlinear WCM
model, more independent tension and compression material
properties are required than for the nonlinear RCM model.
Also, restrictions on the material behavior for the reciprocal
relations are the same for all three energy functions due to the
independence of tension and compression compliances.

A short computer program, MULTIW, is used to in-
vestigate the weighted compliance model for all three energy
functions. MULTIW is limited in capability to the prediction
of strains from an input uniform stress state. However,
MULTIW has a degree of generality compatible with the
material models in a modified version of the SAAS III finite
element program.!* The stress-strain relations in MULTIW
can be applied to an axisymmetric body under axisymmetric
load as well as to more general stress states for isotropic,
transversely isotropic, and orthotropic materials. For the lat-
ter two levels of anisotropy, the principal material (x, y, 2)
directions can be at arbitrary orientations in the y-z plane to
the input stress (x’, y’, z") directions. The input stresses are
constant so the principal stresses and their orientations do not
vary from one iteration to the next. This program will be used
in the off-axis strain response studies and the biaxial strain
response studies. '

Nonlinear Restricted Compliance Matrix Material Model

Three aspects of the nonlinear restricted compliance matrix
(RCM) material model are discussed: 1) the distinctive
features of the iteration approach, 2) the restrictions imposed
on the stress-strain behavior that can be treated with the
model, and 3) the computerized application of the material
model.

Only two steps in the general iteration procedure are af-
fected by which multimodulus procedure is used. These steps
involve the evaluation of the all-tension and all-compression
compliance matrices in principal material coordinates and the
evaluation of the multimodulus compliance matrix in prin-
cipal stress directions. The linear multimodulus approach is
used to develop these compliance matrices for the nonlinear
restricted compliance material model. In this approach, the
symmetry of the compliance matrices about the main
diagonal in all coordinate systems is ensured by the relation
between the material properties determined in uniaxial tension
and uniaxial compression. In each iteration of the nonlinear
procedure, a linear (elastic) system is considered which for the
““last’ iteration is equivalent to the nonlinear system. The
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requirement of symmetry of the compliance matrix is then
related to the existence of a potential function for such a
system.

The main difference between the linear and the nonlinear
RCM model is the variation of material properties with strain
energy. For the linear material model, all the mnput tension
and compression material properties are constant. Therefore,
the multimodulus compliance matrix is affected only by the
signs of the principal stresses, not their magnitudes. In the
nonlinear multimodulus material model, the material proper-
ties used to define the all-tension and all-compression com-
pliance matrices are functions of the strain energy. In the first

iteration, the linear tension material properties are used to

predict the stresses and strains. However, in subsequent
iterations, the current value of the strain energy (or energies in
the case of the divided energy) is used to determine the
material properties in the stress-strain relationship.

For the total or weighted energy approaches, the relation-
ships between material properties are implied to be valid when
all the material properties are evaluated at the same strain
energy. Thus, restrictions are placed on the uniaxial ‘stress-
strain behavior that can be treated with the models. That is,

not all materials have properties for which the material model
restrictions are satisfied.

Even more restrictions are imposed on the deformation
behavior of the material being investigated if the divided
energy approach is used. In the nonlinear RCM model, the
off-diagonal compliances in corresponding positions of the
all-tension and all-compression compliance matrices are
required to be identical at the same energy level. (This
requirement may lead to limited applicability of the model.) If
the divided energy approach is used, these off-diagonal com-
pliances must be constant for all energy levels. A cube of an
isotropic’ multimodulus material loaded only in two or-
thogonal directions by equal tensile forces can be used to
illustrate the constancy requirement of the off-diagonal com-
pliances. Suppose two of the three independent material
properties for a nonlinear multimodulus isotropic material
were determined in compression (despite the fact that we deal
with an all-tension stress state). Then, the two compression
properties would be used to evaluate all the nonzero off-
diagonal compliances. The compression component of the
total strain energy would be used to find the current value of
the two compression properties. The compression component
of total strain energy would always be zero so these com-
pliances are constant. Thus, if the material is to satisfy the
reciprocal relation

v/E =v./E, (23)

at all energy levels, the material property expressions for the
Young’s modulus and Poisson’s ratio in tension could differ
at most in the constant A. Therefore, the applicability of the
nonlinear RCM model to actual deformation behavior must
be assessed by examining whether (or how well) the relations
between tension and compression compliances are satisfied.

A short computer program, MULTIR, is used to investigate
the restricted compliance material model for all three energy
functions. This program is identical in form and character to
the MULTIW computer program described for the weighted
compliance material model. Both programs will be used in the
off-axis strain response studies and the biaxial strain response
studies. 10

Summary

The nonlinear material model is combined with each of the
linear multimodulus material models to obtain two nonlinear
multimodulus material models. The use of three different
energy functions is investigated for both of the two models.
Restrictions on the stress-strain behavior that can be treated
are discussed.

The actual stress-strain behavior of a nonlinear multimod-
ulus material would probably have the general form of the
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dashed curve in Fig. 4. In the linear multimodulus models, a
bilinear approximation is represented by the solid lines in Fig.
4. The discontinuity in slope at the origin for the bilinear ap-
proximation would probably not occur for an actual material.
Instead, a nonlinear transition region would be expected. This
transition region can be represented with the nonlinear
multimodulus material models by use of the same value of the
material property constant 4, but different values of Band C,
in the tension and compression equations for a material
property. For problems in which the stress-strain behavior in
the transition region is not important, a better representation
of the actual material property-strain energy variations might
be achieved with different values of A in the tension and com-
pression equations for a material property.

Concluding Remarks

New material models are described for nonlinear defor-
mation behavior of artificial graphite under initial loading.
The models are based on a new deformation theory of or-
thotropic plasticity? and include both. nonlinear behavior
and different behavior under tensile than compressive
loads. Every independent material property can vary in an ar-
bitrary manner and is related to the multiaxial state of stress
and strain by a strain energy function. The signs of the prin-
cipal stresses are used along with strain energy functions to
determine the material properties. The properties are
therefore a function of the energy which depends on stresses
and strains which in turn depend on the material properties.
Accordingly, an iteration procedure is used to simultaneously
satisfy the nonlinear stress-strain relations and the material
property versus strain energy equations. The iteration
procedure is incorporated in a new version of a finite element
stress analysis computer program. '

Two alternative approaches are explored for selection of
properties in the strain-stress relations: 1) a weighted com-
pliance matrix (WCM) model due to Jones* and 2) a restricted
compliance matrix (RCM) model extended from the work of
Isabekian and Khachatryan.’ In the WCM model, the tension
compliances are weighted with the compression compliances
according to the proportion of tensile and compressive prin-
cipal stresses to obtain the compliances in the strain-stress
relations. On the other hand, in the RCM model, the tension
compliances must be related to the compression compliances
according to the compliance restrictions of Isabekian and
Khachatryan (hence the name restricted compliance matrix
model). Both of these models are extended to nonlinear defor-
mation in the present paper.

The applicability and accuracy of the nonlinear
multimodulus material models, when incorporated in a
modified version of the SAAS III finite element computer
program,'* are investigated in the uniaxial off-axis strain
responig: and biaxial strain response studies of the companion
paper.
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